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Abstract

This paper investigates how the performance of ewolutionary seard is in uenced by the
locality and distance distortion of the used represeriation. The locality of a represenation
describeshow well neighboring phenotypescorrespond to neighboring genotypes. The distance
distortion measureswhether the distancesbetweenindividuals are presened when mapping the
phenotypes onto the genotypes. When using mutation as the main seard operator, perfect
locality ensuresthat the dicult y of the problem is not changed by the represenation. In
analogy, represerations that presene the distances between individuals guarantee that the
di cult y of the problem remains unchangedfor crosswer-basedseard.

Applying these conceptsto binary represenations of integers reveals that in cortrast to
the binary encaling the Gray encading has perfect locality, and therefore guaranteesthat for
mutation-based seard, easy problems remain easy However, becauseboth Gray and binary
encaling changethe distancesbetweenindividuals, using these encadings also changesthe dif-
cult y of problems for crosswer-basedseard and someeasyproblems becomemore di cult  to
solve by genetic algorithms.

1 Intro duction

Using ewlutionary algorithms { for examplefor integer optimization problems{ raisesthe question
asto which represenation should be used. In the literature only a few theory-basedrecommenda-
tions can be found (for example Whitley (1999)) but a greater and better theoretical understanding
on how represerations in uence the performanceof ewlutionary seard is necessary
This paper has two goals. Firstly, we want to describe how the performance of ewlutionary

seard is in uenced by the locality and distance distortion of the used represeration. For our
investigation we distinguish between mutation-based and crosswer-based seard. We illustrate

that encadings with perfectlocality, that meansneighboring phenotypescorrespond to neighboring

genotypes, do not modify the di cult y of the optimization problem for mutation-based seard. In

analogy, the di cult y of problemsremains unchangedfor crossoer-basedseart if represenations

are usedthat presene the distancesbetween corresponding phenotypesand genotpes. Secondly
we focus on binary represenations of integers, namely binary and Gray encaling. Gray encaling

has perfect locality and presenes problem di cult y for mutation-based seard. Therefore, when
using mutation as the main seart operator easy problems remain easy In cortrast, when using



binary encaling which has low locality, some easy problems becomemore dicult to solve for
mutation-based seard.

The remainder of the paper is organized as follows. We start with a short introduction into
represertations. In subsection2.2 we describe the locality and distance distortion of an encaling.
After a short description of the used optimization problem and the binary and Gray encaling, in
section 4 we presert empirical results. The paper endswith concluding remarks.

2 Representations for Evolutionary Algorithms

In the following section we discussthe decomposition of a genotype- tness mapping and describe
the locality and distance distortion of a represertation.

2.1 Genotype-Phenot yp e Mappings and Phenot yp e-Fitness Mappings

When using somekind of represeration, ewvery optimization problem can be decomposedinto a
genotype-phenoype mapping f 4, and a phenotype- tness mapping f , (Liepins & Vose,1990).

We de ne 4 asthe genotypic searh spacewhere the genetic operators suc as recombination
or mutation are applied to. An optimization problem on ¢ could be formulated as follows: The
function f (x) : ¢! R assignsan elemert in R to every elemen in the genotype space 4. The
optimization problem is de ned by nding the optimal solution

R = maxf (x);
X2 g
where x is a vector of decisionvariables (or alleles),and f (x) is the tness function. The vector R
is the global maximum.
When using a represenation we have to introduce phenotypesand genotpes. Thus, the tness
function f can be decompsedinto two parts. The rst maps the genotypic space 4 to the
phenotypic space p, and the secondmaps p to the tness spaceR:

fg(xg): ¢!
fo(Xp): p! R;

wheref = f, fg= f,(fg(xg)). The genoype-phenoyype mapping f 4 is the usedrepresenation. f,
represerts the tness function and assignsa tness value f ,(xp) to every individual x, 2 . The
di cult y of an optimization problem f , with regardto a speci ¢ optimization method is determined
by the specic structure and complexity of f,. Using a represetation fy results in the problem
f = fp(fg(xg)) which canhave adierent dicult y.

We want to focusin the following on binary represetations of integers. Therefore, 4= f0; 1d'
and ,=1f0;1;::: .2 1g, wherel is the length of a genotype.

2.2 Prop erties of Representations

When using represenations the distancesbetweenindividuals can be changed when mapping the

phenotypeson the genotypes. In the following we intro duce the locality and distance distortion of

an encaling. Theseproperties of encalings describe how well represertations presene the distances
betweencorresponding phenotypesand genotypes.

To de ne distancesbetweenindividuals it is necessaryto intro duce distance metricson 4 and

p- Although there are other metrics possible,we usefor 4= f0; 1d' the Hamming metric. Then,



P
the Hamming distance betweentwo genotypesx 4 and y is de ned as d‘;’g;yg = !:Oljxg;i Ygil,
whereXxg; denotesthe ith bit of the genotype x 3. On the phenotypic space | the distancebetween
two phenotypesx, and y, should be de ned as di’p;yp = Xp  Ypl-

2.2.1 Locality

The locality of a represenation f 4 describeshow well neighboring phenotypescorrespond to neigh-
boring genotypes. Two individuals x;y 2 areneighborsif dy.y = dmin , Wherednn is the minimal
distance betweentwo individuals in . Using binary or integer seart spaces ¢ and , resultsin
dmin = 1. In general,the locality dy, of a represertation can be de ned as
X
dm = jdgi;xj dgﬂnj;
R ix; = df

min

where dfﬁi;xj is the phenotypic distance betweenthe phenotypesx; and x;j, d%i;xj is the genotypic
distance betweenthe corresponding genoypes,and df,. . , respective dJ. . is the minimum distance
between two (neighboring) phenotypes, respectively genotypes. We seethat dn,, only considers
neighboring phenotypes (df, x, = di, )

For dn, = 0 an encading has perfect locality and all phenotypic neighbors correspond to geno-
typic neighbors. Then, in general, a small change of a genolype results in a small change of the
corresponding phenotype. The situation is di erent if dn 6 0. Then, small changesin a genotpe
can result in large changesin the phenotype. This meansapplying a mutation operator to an
individual canresult in a phenotype that has nothing in commonwith its parent. Therefore, when
using low locality encadings systematic local seard is no longer possible,but local seard basedon
small mutation stepsbecomesrandom seard.

As a result, the locality of an encading a ects the dicult y of problems. If we assumethat
an encading f4(xg) has perfect locality (dn = 0), then all neighboring phenotypes correspond
to neighboring genotypes. Therefore, mutation-based seart approadies using a represeration
fy shav the same performance on the optimization problem f = f,(f4(xg)) as on the original
optimization problem f5(x). A mutation step hasthe samee ect on genotypes and phenotypes.
This meansfor mutation-based seard that encadings with perfectlocality ensurethat the di cult y
of the optimization problem f,(xp) is the sameas the dicult y of f = f,(fg(xg)). Using a
represertation f4 wheredy, = 0 ensuresthat problemsf, which are easyremain easyand problems
fp which are dicult remain dicult for mutation-based seard.

2.2.2 Distance Distortion

When using crosseoer-basedseart, the locality concerning small changesd,, must be extended
towards locality concerningsmall and large changes. The distance distortion d. describeshow well
the phenotypic distance structure is presened by an encaing f g when mapping , on 4.

2 Xe  Xe - g )
AT ITLL
where Np = ] gj =j pj, and dg;min = dp;min .

For d; = 0 the distancesbetweenthe phenotypesare the sameasthe distancesbetweenthe cor-
responding genotypes. Then, genotypes and phenotype have the samedistance structure. Perfect
locality (dm = 0) is a necessarycondition for an encading f 4 to presene the distancesbetweenthe
individuals (d¢ = 0).



To allow standard crosswer operators (for exampleone-point or uniform crosswer) to work well,
the represenation fg must presene the distancesbetween the individuals (dc = 0). In general,
crosswer operators should create o spring that inherit the properties of their parents. This means
in terms of distancesthat when using crossaer the distancesbetweenan o spring x, andits parernts
Xp1 and X p2 should be smaller than the distancesbetweenboth parents (dy,:x,1; Oxoixps Oxp1ixpa)-
Otherwise, the crossaer operator would create o spring which have nothing in commonwith their
parents and a genetic algorithm (GA) using crosswer would becomerandom seard.

When using represenations that do not change the distancesbetween the individuals (d; =
0), standard crosswer operators always create o spring that are similar to their parents and the
distance betweeno spring and parent is smaller than the distance betweenboth parernts. However,
when using represenations whered; 6 0 the phenotypic distance betweeno spring and parent can
be larger than the phenotypic distance betweenboth parents ewven if the crosswer operator works
ne (dx0 Xpl,dx0 Xp2 dgpl;xpz). As a result, using a represeration f gy, where d:. 6 0 changesthe
dicult y of the optimization problem f,. The presenation of distances(d. = 0) is necessaryto
ensurethat the usedencaling f4 doesnot changethe dicult y of a problem for crosswer-based
seart approades.

Our conceptof distancedistortion d. is similar to the conceptof causality which wasintroduced
by Sendho et al. (1997) as a measuremen of problem complexity. In cortrast to their work, we
do not investigate what makes a problem di cult, but we focus on how represenations modify
the dicult y of a given problem. We do not want to measureproblem di cult y, but just decide
whether a represenation changesdistancesor not (d; = 0 or d; 6 0).

3 Binary Representations of Integers

In the following we de ne a classof integer optimization problems we use for our investigations.
In subsection3.2 and 3.3 we briey characterize the binary and the Gray encaling with respect to
their locality and distance distortion.

3.1 Integer Optimization Problems

All our integer test problems f, should be easy and they should be de ned on the phenotypes
Xp2 f0;1;::: 2" 1gindependertly of the usedrepresenation.

fp(xp):xmax jXP aj; (1)

wherel 2 Nand a2 f0;1;:::;Xmax9. FOr a = Xnax the problem becomesthe standard Bin-Int
problem (compare Figure 1(a)).

The dicult y of this classof optimization problemsis independen of the parameter a. a only
changesthe location of the optimal solution in the seart spaceand ewlutionary seard algorithms
should show the sameperformancefor di erent valuesof a. Two examplesfor the integer one-max
problem are given in Figure 1.

3.2 Binary Encoding

When using the binary enading, ead integer value xp 2, = f1,2;:::; Xmax g IS represeried by
a binary strlngF;<g of length | = dog,(Xmax)e. The genotype- pheno'ype mapping f 4 is de ned as
Xp= fg(Xg) = i 2'xgl , With Xg;; denoting the ith bit of x.

This encaing has problems assaiated with the Hamming cli  (Scha er, Caruana, Eshelman,
& Das, 1989). The Hamming cli describes the e ect that some neighboring phenotypes are
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Figure 1. Two examplesfor the easyinteger problem

represerted by genotypeswith much larger distances. Examplesarex, = 7andy, = 8 (di’p;yp =1).
The corresponding genoypesare xg = 0111and y4 = 1000, where dgg;yg = 4.

As a result of the Hamming cli the binary encading has partially low locality and d,, 6 O.
Therefore, the encaling also doesnot presene the distancesbetweenthe individuals (d¢; 6 0). An
example for the useof the binary encading is given in Table 1.

3.3 Gray Encoding

To overcome problems with the Hamming cli when using the binary encaling, the Gray enad-
ing was deweloped (Gray, 1953). For the Gray encading all phenotypic neighbors correspond to
genotypic neighbors.

The Gray encaded bitstring itself can be constructed in two steps. At rst, the phenotype is
encaled using the binary encaling, and subsequetly the binary encaded string can be converted

corverted to the corresponding Gray codey 2 £0;1g' = fys;y2;:::;yg by the mapping :B'! B
(
X if i = 1;
Vi Xi 1 Xi otherwise

where denotesaddition modulo 2.

The Gray encaling overcomes ‘
the problems with the Hamming
cli. Every two neighboring pheno-
types (dxp;yp = 1) are encaded by
neighboring genoypes (dx,.y, = 1).
Therefore, the locality of the Gray
encding is perfect (dy, = 0). The high locality gives Gray encaling an advantage in compari-
sonto binary encaling for mutation-based seard. This e ect has already beennoticed by other
work (Whitley, Rana, & Hedkendorn, 1997; Whitley, 1999) which found that Gray encaing in-
troduceslesslocal optima in comparisonto binary encading. However, the encading changesthe
distances between the individuals (d; 6 0). For example, the distance between the phenotypes
Xp = 0andyp = 3is dy,;y, = 3, whereasthe genoypesxy = 000and y, = 010 have only distance
d?(g;yg = 1. Table 1 givesan examplefor the useof the Gray encaling.

o [ 0] 1]2]3]4[5]6][7]
binary | 000 | 001 010 011] 100] 101 ] 110] 111
Gray | 000 001 | 011 010] 110 111 101 | 100

Table 1: An example for using binary and Gray encalings



4 Exp eriments

This section addressestwo issues. Firstly, the section should illustrate how Gray and binary
encaling in uence the performance of mutation-based and crosswer-based genetic seard. The
preseried resultscon rm previoustheoretical results (Whitley, Rana, & Hedkendorn, 1997; Whitley,
1999) which theoretically showved that mutation-based seart performs best using Gray encading.
Howewer, when using crossaer asthe main seart operator their results can not be usedany more.
Dependert on the consideredproblem sometimesGray and sometimesbinary encaling show better
performance.

Secondly we want to explain the dierent results for binary and Gray encaing by using the
conceptsof locality and distance distortion. We have illustrated in section 3 that perfect locality
(dm = 0) ensuresthat the dicult y of a problem remains unchanged for mutation-based seard.
Therefore, mutation-based seart approadesusing the Gray encading showv the sameperformance
on problems of the samedicult y. In contrast, if the locality is low (dy, 6 0) or the distances
between individuals are changed (d. 6 0) the dicult y of the problem is changedby f4. Then,
someeasyproblems becomemore di cult and ewlutionary algorithms can have more problemsin
solving them.

The section starts with mutation-based seard and continuesin subsection4.2 with crosswer-
basedseard.

4.1 Mutation-Based Search Using Simulated Annealing

We investigate how the locality of an encaling in uences the performanceof mutation-based seard
approadies. We assumein our investigationsthat the integer problem de ned in equation 1 is easy
for mutation-based seart independert of the position of the optimal solution a. As a result,
represenmations with perfect locality (dy, = 0) should shaov the sameperformanceindependertly of
a. In cortrast, represerations with low locality (dm 6 0) will changethe dicult y of someeasy
problems and make these problems more di cult to solve for mutation-based seard approades.
We want to usesimulated annealing(SA) asa represenativ e for mutation-based seard because
it only usesmutation, and canin contrast to, for examplea (1+ 1) ewlution strategy, solve di cult
multi-mo dal problems more easily Simulated annealing can be modeled asa GA with population
size 1 and Boltzmann selection (Mahfoud & Goldberg, 1995). In ead generation a genotypic
0 spring X, is created by applying mutation to the parert x,. Therefore, if we use bit- ipping-
mutation, X, always has genotypic distance 1 to its parernt xp. If X, has higher tness than xp

it replacesx,. If it haslower tness it replacesx, with probability P(T) = exp ~ HXe)_T(e)
With lowering the temperature T, the probability of accepting worse solutions decreases. For

further information the readeris referred to other work (van Laarhoven & Aarts, 1988).
For our rst investigation we concatenate 10 integer problems, where x,, 2 f0;:::319. When

5 bits in the genotype (I = 5). Therefore, the overall length of a genoype is I, = 50. The tness
of an individual is calculated asthe sum over the tness of the 10 sub-problems. The tness of one
sub-problem s calculated accordingto equation 1.

Figure 2 preserts results using simulated annealing for two instances(a = 15 and a = 31) of
the integer problem de ned in equation 1. We show the number of correctly solved sub-problems
over the number of tness evaluations. The start temperature Tgr¢ = 50 is reducedin every step
by the factor 0.995. Therefore, Ti+1 = 0:995 T;. Mutation is de ned to randomly change one
bit in the genotype. We performed 100 runs and ead run was stopped after 2000 mutation steps.
The results show that mutation-based seard approades using Gray encading always solve all 10



sub-problems. In cortrast, for a = 15 mutation-based seard using binary encaling gets stuck in
local optima becausethe optimal solution lies in areaswith low locality.

To generalizeour investigation and determine exactly how the performance of mutation-based
seart dependson the structure of the integer optimization problem in Figure 3 we illustrate how
SA performance dependson the value of the optimal solution a. We show results for | = 3 (left)
and | = 5 (right). We only change a and use the same parameter settings as before. The plots
shaw that using Gray encaling allows SA to reliably nd the optimal solution independertly of the
location of the best solution. Using binary encading often results in lower SA performanceand the
SA getsstuck in local optima.

We can explain the performancedi erences by using the concept of locality. We assumethat
our integer problems are easyfor mutation-based seard independerily of the value of the optimal
solution a. High locality encalings like Gray encading do not changethe di cult y of the problems
and all problems remain easy independerily of a. Low locality encalings like binary encaling,
however, changethe di cult y of someeasyproblems and make them more dicult. As a result,
SA has larger problems nding optimal solutions and the performance of mutation-based seard
decreases.

4.2 Crossover-Based Search Using Genetic Algorithms

In this subsectionwe investigate how the performance of crosswer-basedseard dependson the
usedGray or binary encaling.

We have seenin section 3 that both, Gray and binary encaling, do not presene the distances
between the individuals. Therefore, o spring produced by standard crossaer medanism could
have nothing in common with their parents. For example, if we use binary encading and uniform
crosswer we can get from the parents xp = 4 (Xg = 100)and yp, = 3 (yg = 011)the o spring z, = 7
(zg = 111). The o spring phenotypically hasnothing in commonwith its parents and the distances
betweenthe o spring and its parents are much larger than the distancesbetween both parents.
Therefore, both encadings changethe di cult y of the easyinteger problem. How exactly, we will
illustrate in the following.

As beforewe concatenatelOinteger problems,wherex, 2 f0;::: 31g and the genotypic length of
asub-problemis| = 5. For our investigation we usea selectorecorbinativ e standard GA (Goldberg,
1989) using only uniform crosswer and no mutation. The population sizeis setto n = 20 and we
usetournament selectionwithout replacemen of size2. We performed 100 runs, and eat run was
stopped after the population was fully corverged.

In Figure 4 we shaw the number of correctly solved sub-problemsover the number of generations
for a = 31 (left) and a = 15 (right). GAs using binary encading outperform Gray encading for
a= 31. For a= 15, GAs using Gray encading perform signi cantly better than Gray encaling.

As before,we want to generalizeour investigation and shaw in Figure 5 how the averagenumber
of correctly solved sub-problemsat the end of the run dependson the value of the optimal solution
a. We show resultsfor | = 3 (left) and | = 5 (right). It canbe seenthat GAs using binary encading
perform better than Gray encaling if a is either small (the optimal solution consistsmostly of only
0s) or large (the optimal solution consistsmostly of only 1s). Otherwise, GAs using Gray encaling
perform better.

When using crosswer-basedseard the dicult y of the original optimization problem f  only
remains unchangedif the genotype-phenolype mapping f 4 doesnot changethe distancesbetween
the individuals (d. = 0). Howewer, both encadings, Gray and binary, changethe distancesbetween
corresponding genotypes and phenotypes and therefore, change the di cult y of the optimization
problem. As a result, for both encadings GA performancestrongly variesfor dierent a, although
the dicult y of f, remains constart and is independert of a.

7



number of correct sub-problems

Figure 2. We use SA and shav the number of correctly solved sub-problemsover the number of

10 T T T
e — S—
2 gl — binary ———
: : gray -------
S | | I
0 500 1000 1500 2000

number of fitness calls

tness callsfor a= 31 (left) and a = 15 (right).

number of correct sub-problems

Figure 3: We use SA and shawv the number of correctly solved sub-problemsat the end of a run

10

A A
: blnéry —t
: R S
| |
1 6 7

a (value of optimal solution)

number of correct sub-problems

number of correct sub-problems

10

10 ¥

A 00 O N 00 ©

T T == T
"""""""" A pinary ——— -
: gray -------
| | |
500 1000 1500 2000

number of fitness calls

T T T T T T
HEHKHE R D R AR AR KN HHHEHIE R XK AKX

a (value of optimal solution)

over the location of the optimal solution a for | = 3 (left) and | = 5 (right).



%] R L 2]

S 8 RN N T S S T A
2 e | | | | ‘ ‘ ‘

3 ° 13 ¢

o s

S 4 18 4

8 "/X‘ : : ! ! | 8

S 2f o pinay —— 7 5 2

£ N S S EN S L /S - B NS S S S SL e/ BT

2 10 20 30 40 50 60 70 80 90 1002 10 20 30 40 50 60 70 80 90 100

number of generations number of generations

Figure 4: We use GA and show the number of correctly solved sub-problemsover the number of
generationsfor a = 31 (left) and a = 15 (right).

=
o

©

[ee]

~

number of correct sub-problems
number of correct sub-problems

a (value of optimal solution) a (value of optimal solution)

Figure 5: We use GA and shaw the number of correctly solved sub-problemsat the end of a run
over the location of the optimal solution a for | = 3 (left) and | = 5 (right).



5 Conclusions

This paper discusseghe locality and distance distortion of represertations and examinesthe per-
formance of di erent typesof binary represertations of integers.

Welillustrate that the performanceof mutation-based, aswell ascrosswer-basedseard methods,
strongly dependson the usedrepresenations f 4. The represenation fg can changethe dicult y
of the optimization problem and can make problems easier,but also harder to solve. We identify
two important properties of represertations. The locality dn,, of a represenation fg describes
how well neighboring phenotypescorrespond to neighboring genotypes. The distance distortion dc
determinesif the distancesbetweenthe individuals are presened. We illustrate that the dicult y
of a problem remainsunchangedfor mutation-based seard if the locality of the usedrepresenation
is perfect (dn, = 0). In analogy the dicult y of a problem regarding crosswer-basedseart stays
the sameif the distancesbetweenthe individuals are presened by the represenation.

When using theseconceptsfor binary represertations of integerswe seethat Gray encaling has
perfect locality and therefore presenesthe dicult y of optimization problems. As a result, easy
problems remain easy In cortrast, the binary encaling has low locality and someeasy problems
becomemore dicult. When using crosswer-basedseard both encalings change the distances
betweenthe individuals. Therefore, not all easyproblems remain easybut someof them become
more di cult to solwe.

We have seenthat represenations that presene the distance structure betweenindividuals do
not changethe di cult y of a problem. If we would be able to describe in a more detailed way how
represertations that do not presene the distance structure modify problem di cult y, we could use
represertations to make problems easierand use our seard&y methods more e cien tly.
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